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2
Section A (36 marks)

2 4
Solve the equation G - 3. [5]
x—2 x+1

A curve is defined parametrically by the equations
x=1t—Int, y =t+Int (r>0).

Find the gradient of the curve at the point where t = 2. [5]

A triangle ABC has vertices A(—2,4,1), B(2,3,4) and C(4,8,3). By calculating a suitable
scalar product, show that angle ABC is a right angle. Hence calculate the area of the triangle. [6]

Solve the equation 2sin26+ cos26 = 1, for 0° < 6 < 360°. [6]

(i) Find the cartesian equation of the plane through the point (2,—1,4) with normal vector

n=|-1|. [3]

(ii) Find the coordinates of the point of intersection of this plane and the straight line with

equation
7 1
r=|12 |+ 3|. [4]
9 2

(i) Find the first three non-zero terms of the binomial expansion of % for ‘ X ‘ < 2. [4]

N4 —x

1
1
(i) Use this result to find an approximation for j ﬁdx, rounding your answer to
4 significant figures. oV4—x [2]

1 1

iii) Given that J dx = arcsin (4 x +c, evaluate J
(iii) NI (3)

0 V4 —x2

dx, rounding your answer to

4 significant figures. [1]
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3
Section B (36 marks)

In a game of rugby, a kick is to be taken from a point P (see Fig. 7). P is a perpendicular distance
y metres from the line TOA. Other distances and angles are as shown.

Fig.7

6y

i) Sh that 6 = B — «a, and h thattan = ———.
(i) Show tha B — o, and hence that tan 160 + 7

Calculate the angle & wheny = 6. [8]

do 60160 —y?)

T a2
dy (160 + y2)? cos- 6. [5]

(ii) By differentiating implicitly, show that

(iii) Use this result to find the value of y that maximises the angle 6. Calculate this maximum
value of 0. [You need not verify that this value is indeed a maximum.] [4]

[Question 8 is printed overleaf.]
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Some years ago an island was populated by red squirrels and there were no grey squirrels. Then
grey squirrels were introduced.

The population x, in thousands, of red squirrels is modelled by the equation

a
X = s
1+ kt

where ¢ is the time in years, and a and k are constants. When r = 0, x = 2.5.

dx
(i) Show that o 4 [3]

(i) Given that the initial population of 2.5 thousand red squirrels reduces to 1.6 thousand after one
year, calculate a and k. [3]

(iii) What is the long-term population of red squirrels predicted by this model? [1]

The population y, in thousands, of grey squirrels is modelled by the differential equation

dy
— =2y — 2.
dr y -y
Whent =0,y = 1.
(iv) Express > 5 in partial fractions. [4]
-y

(v) Hence show by integration that ln(2 i j= 2t.
-y

Show that y = [ +e2
e

(vi) What is the long-term population of grey squirrels predicted by this model? [1]
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Line 59 says “Again Party G just misses out; if there had been 7 seats G would have got the

last one.”

Where is the evidence for this in the article?

6 parties, P, Q, R, S, T and U take part in an election for 7 seats. Their results are shown in

the table below.

Party | Votes (%)
P 30.2
Q 114
R 224
S 14.8
T 109
U 103

(i) Use the Trial-and-Improvement method, starting with values of 10% and 14%, to find
an acceptance percentage for 7 seats, and state the allocation of the seats.

Acceptance percentage,a% | 10% 14%

Party Votes (%) Seats | Seats | Seats | Seats | Seats
P 30.2
Q 114
R 224
S 14.8
T 109
U 10.3

Total seats
Seat Allocation P.... Q... S.. T.. U..
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For
Examiner's
(i) Now apply the d’Hondt Formula to the same figures to find the allocation of the seat; . e
[5]
Round
Party 1 2 3 4 5 6 7 |Residual
P 30.2
Q 114
R 224
S 14.8
T 109
U 10.3
Seat allocated to

Seat Allocation P... Q... R.... S.... T... U..

In this question, use the figures for the example used in Table 5 in the article, the notation
described in the section “Equivalence of the two methods” and the value of 11 found for a
in Table 4.

V. V.
Treating Party E as Party 5, verify that o <gs-—. (2]
N+ 1 N;
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Some of the intervals illustrated by the lines in the graph in Fig. 8 are given in this table.

Seats Interval Seats Interval
1 22<a<270 5
2 166<a=<222 6 106<a=<11.1
3 7
4

(i) Describe briefly, giving an example, the relationship between the end-points of these
intervals and the values in Table 5, which is reproduced below.

(2]

(ii) Complete the table above.
Round
Party 1 2 3 4 5 6 Residual
A 222 222 11.1 11.1 11.1 11.1 7.4
B 6.1 6.1 6.1 6.1 6.1 6.1 6.1
C 27.0 13.5 13.5 13.5 9.0 9.0 9.0
D 16.6 16.6 16.6 8.3 8.3 8.3 8.3
E 11.2 11.2 11.2 11.2 11.2 5.6 5.6
F 3.7 3.7 3.7 3.7 3.7 3.7 3.7
G 10.6 10.6 10.6 10.6 10.6 10.6 10.6
H 2.6 2.6 2.6 2.6 2.6 2.6 2.6
Seat allocated to C A D C E A
Table 5
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5

5

The ends of the vertical lines in Fig. 8 are marked with circles. Those at the tops of the
lines are filled in, e.g. ®, whereas those at the bottom are not, e.g. O.

(i) Relate this distinction to the use of inequality signs. [1]
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2
Electing Members of the European Parliament

The Regional List System

The British members of the European Parliament are elected using a form of proportional
representation called the Regional List System. This article compares two different ways of
working out who should be elected.

Great Britain is divided into 11 regions and each of these is assigned a number of seats in the 5
European Parliament. So, for example, the South West region has 7 seats, meaning that it elects
7 members to the parliament.

Each political party in a region presents a list of candidates in order of preference. For
example, in a region with 5 seats, Party A could present a list like that in Table 1.

Party A
Comfort Owosu
Graham Reid
Simon White
Malini Ghosh
Sam Roy

DN || W[

Table 1

According to the proportion of the votes that Party A receives, 0, 1,2,3,4 or all 5 of the people 10
on the list may be elected.

Imagine an election for 6 seats in one region. It is contested by 8 political parties, A, B, C, D,
E, F, G and H and the percentages of votes they receive are given in Table 2.

Party | Votes (%)
A 222
6.1
27.0
16.6
11.2
3.7
10.6
2.6

T Qmmola|®m

Table 2

How do you decide which parties get the 6 seats?
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The Trial-and-Improvement method

The Regional List System is based on the idea that, in any particular regional election, a certain
percentage of votes will win one seat. In this article, this is called the acceptance percentage
and is denoted by a%. A party which receives less than a% of the votes is given no seats; one
that receives at least a% and less than 2a% of the votes gets 1 seat; at least 2a% and less than
3a% of the votes translates into 2 seats and so on.

At first sight it might seem that, in the example in Table 2, since 100% + 6 = 16%%, the
acceptance percentage should be about 16.7% of the votes. Clearly that will not work since it
would give Parties A and C one seat each and none of the others would get any. Only 2
members would be elected rather than the required 6.

So what percentage of the votes is needed for exactly 6 people to be elected? One method of
deciding is to try out different possible acceptance percentages and find one which results in
6 seats. In Table 3, values of a of 8, 10, 12 and 14 are tried out.

Acceptance percentage,a% | 8% 10% 12% 14%
Party Votes (%) Seats | Seats | Seats | Seats
A 222 2 2 1 1
B 6.1 0 0 0 0
C 27.0 3 2 2 1
D 16.6 2 1 1 1
E 11.2 1 1 0 0
F 3.7 0 0 0 0
G 10.6 1 1 0 0
H 2.6 0 0 0 0

Total seats 7 4 3

Table 3

Table 3 shows that an acceptance percentage of 10% is too low for 6 seats and one of 12% is
too high. So it is natural to try 11%. This is shown in Table 4.

15

20

25
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4

a% =11%| Used Unused
Party Votes (%) Seats Votes (%) | Votes (%)
A 222 2 22 0.2
B 6.1 0 0 6.1
C 27.0 2 22 50
D 16.6 1 11 5.6
E 11.2 1 11 0.2
F 3.7 0 0 3.7
G 10.6 0 0 10.6
H 2.6 0 0 2.6
Total 6 66.0 % 34.0%
Table 4

Table 4 shows that an acceptance percentage of 11% gives 2 seats each to Parties A and C and
one each to D and E, making a total of 6 in all. Party G just misses out. Thus with these voting
figures, and with 6 seats to be allocated, 11% is a suitable acceptance percentage.

This Trial-and-Improvement method involves finding an interval within which the acceptance
percentage must lie, in this example between 10% and 12%, and then closing in on a suitable
value. It is like solving an equation by a change of sign method, but with the difference that in
this case there is a range of possible answers: in the example above any value greater than
10.6% up to and including 11.1% will give a satisfactory acceptance percentage.

The range of values that an acceptance percentage can take depends on the number of seats.

The d’Hondt Formula

A different method of allocation is provided by the d’Hondt Formula. This is illustrated in
Table 5, using the same data as before.

Round
Party 1 2 3 4 5 6 Residual
A 222 222 11.1 11.1 11.1 11.1 74
B 6.1 6.1 6.1 6.1 6.1 6.1 6.1
C 270 13.5 13.5 13.5 9.0 9.0 9.0
D 16.6 16.6 16.6 8.3 8.3 8.3 83
E 11.2 11.2 11.2 11.2 11.2 5.6 5.6
F 3.7 3.7 3.7 3.7 3.7 3.7 3.7
G 10.6 10.6 10.6 10.6 10.6 10.6 10.6
H 2.6 2.6 2.6 2.6 2.6 2.6 2.6
Seat allocated to C A D C E A

Table S
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5
The d’Hondt Formula provides an algorithm in which seats are allocated from the top down.
%
Each time a party is allocated a seat its vote is replaced by P where V is the percentage of
n

votes it received originally and #n is the number of seats it has now been allocated.
* InRound 1, Party C has the highest percentage, 27.0, so C gets the first seat.

*  For Round 2, the vote for Party C is divided by (n + 1), with n taking the value 1 since
the party has now been allocated 1 seat. So the figure 27.0 for C is replaced by
270 +2=135.

e The highest figure in Round 2 is 22.2 for Party A and so the next seat goes to A. The figure
22.2 for Ais replaced by 22.2 + 2 = 11.1 in Round 3. The seat for Round 3 is allocated
to Party D.

 In Round 4, Party C gets a second seat so that the value of n for this party is now 2. So
the original figure for C is now divided by (2 + 1) = 3 for Round 5; 27.0 +~ 3 = 90.

e The figures in the final column, headed “Residual”, are those that would be used if an
extra seat were to be allocated. They do not have the same meaning as “Unused Votes” in
Table 4.

In this example, the outcome obtained using the d’Hondt Formula is the same as that from the
Trial-and-Improvement method, namely 2 seats each for A and C, and one each for D and E.
Again Party G just misses out; if there had been 7 seats G would have got the last one.

Equivalence of the two methods

Since the two methods are completely different, it comes as something of a surprise that in this
example they produce the same outcome. The question then arises as to whether they will
always produce the same outcome.

The results of the real elections are worked out using the d’Hondt Formula; if there were
circumstances in which this produced different outcomes from the Trial-and-Improvement

method, there might be doubt about the fairness of the election.

It is, however, possible to show that the outcomes from the two methods will always be the
same.

Before seeing how to do this, it is important to understand that there are fundamental
differences between the methods.

e The Trial-and-Improvement method is based on finding an acceptance percentage for the
particular number of seats; for a different number of seats you have to find a different
acceptance percentage.

e Using the d’Hondt Formula, an acceptance percentage is never known. The method gives
the outcome round by round for as many seats as are to be allocated.

In the Trial-and-Improvement method, call the parties Party 1, Party 2, ... , Party m.

Suppose that Party k receives V, % of the votes and is allocated N, seats.
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6

One way of looking at this outcome is that each of the N, elected members of parliament
received an acceptance percentage of the votes, a%, and then there were some “unused votes”
left over, as shown in Table 4.

The percentage of unused votes must be less than the acceptance percentage; otherwise the
party would have been allocated another seat.

Therefore V. — (Nk xa) <a
Vi
and so a > .
N +1

k
This is true for all the values of k from 1 to m.
A second condition arises for those parties that have been allocated seats. If such a party had

been allocated one fewer seat, N —1 instead of N, the percentage of votes left over would
have been at least the acceptance percentage.

Therefore V,—(N—Da=a
Vi

and so a<=—.
N,

(If, however, a party has not been allocated any seats anyway, then there is no equivalent
second inequality.)

|4 |4
Thus <ags=s-— ika>O
N +1 N,
|4
and < a ika=0.
N +1

Now look at Table 6 below. This reproduces row C from Table 5 illustrating the d’Hondt Formula.

Round
Party 1 2 3 4 5 6 Residual
C 270 13.5 13.5 13.5 9.0 9.0 9.0
Seat allocated to C C
Table 6

Using the notation above, with C as Party 3, this becomes Table 7.

Round
Party 1 2 3 4 5 6 Residual
& Vs 5V3 Vs | 3Vs Vs | 3Vs 3V
Seat allocated to C

Table 7
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So in this case the acceptance percentage lies between %Vy which gives another seat in Round
4, and %‘/3 which does not give another seat.

1 1
So §V3<a<§V3

This result can be generalised by replacing Party 3 by Party k, and the 2 seats by N, seats, to 100
obtain the result found above for the Trial-and-Improvement method,

Thus the two methods are indeed equivalent.

Discovering the d’Hondt Formula

While the Trial-and-Improvement method is straightforward, the d’Hondt Formula is quite 105
subtle, so much so that it is natural to ask “How did anyone think this up in the first place?”

The method owes its name to Victor d’Hondt, a Belgian lawyer and mathematician who first
described it in 1878. It is used in many countries, including the United States where it is called
the Jefferson Method.

The graph in Fig. 8 provides a clue as to how it might have been discovered. Fig. 8 shows the 110
ranges of possible acceptance percentages for different numbers of seats, for the figures in
Table 2. To draw such a graph, you need to work out the end-points of the various ranges. The
range 10.6 < a < 11.1 for the case of electing 6 people was given on line 37. These end-
points turn out to be the largest numbers in successive Rounds in Table 5 which illustrates the
d’Hondt Formula. Thus drawing this type of graph leads you into the d’Hondt Formula. 115

Acceptance
percentage 30 -

]
]

10 3983

0 1 2 3 4 5 6 7 Number of
Seats

Fig. 8

4754(B) Insert January 2006 [Tlll'n over



Which is the better method?

Since the two methods are equivalent, there is no mathematical reason to declare either to be
the better.

There are, however, two other considerations.
e Is one method easier than the other to apply? 120

* Is one method easier than the other for the public to understand, and so more likely to
generate confidence in the outcome?
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