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Answer all the questions.

1 Thefollowinginstructions generate a sequence. It uses Floor(x), which is the largest integer less than or
equal to x. For example Floor(8.95) = 8.

Step10 Letn=1

Step20 Let r =2

Step 30 Let u(n)=Foor(nxr)
Step 40 Print u(n)

Step50 Letn=n+1

Step 60 Go to Step 30

(i) Writedown thefirst five terms of the sequence. [1]
(ii) Amend the instructionsto produce an algorithm to give the first five terms of the sequence only.  [2]

The original instructions are amended by replacing Step 20, Step 30 and Step 40. The new instructions are
asfollows.

Step10 Letn=1
Step 20 Let s=2++/2
Step 30 Let v(n) =Hoor(nxs)
Step 40 Print v(n)
Step50 Letn=n+1
Step 60 Go to Step 30
These new instructions generate a new sequence.
(iii) Find thefirst five terms of this new sequence. [1]

It is conjectured that every positive integer m appearsin exactly one of the two sequences u(n) and v(n).

(iv) Show that the conjectureistrue for m=100. [3]
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2 Activity X ispart of alarge project. The project has been modelled by an activity network. Fig. 2 shows
that part of the activity network relating to X.

The events at the start and end of activity X are shown, together with al activities starting and ending at
these events. Activity durations are shown. Some early and late event times are shown; these have been
calculated from the full activity network.

24
23
3 23
0] Ko o 4 35
N / 7
N N // 0
16| 3 X R 10, [
5
11 7 19 2
40 10 31
15
Fig. 2
Calculate the early and late times for the events at the start and end of activity X. [4]
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3 Direct transport links between six cities A, B, C, D, E, F areshown in Fig. 3. The weights on the arcs are
the times, in hours, for moving along those links.

E
Fig. 3
Thetable below shows the complete set of shortest times between the cities. Some entries have been
omitted.
A |B|C|D|E|F

Al- 14|32 |4

B |4 |- |3 |2 |4

cC |3 |3 1|1

D2 |2 |1]- |2

E |4 (4|1 |2 ]-

F -

(i) Use Dijkstra’s algorithm to find the missing entries, and complete the table in the Printed Answer
Booklet. [3]

A single application of Dijkstra’s algorithm has complexity O(n*) where n isthe number of verticesin the

network. A computer program obtains a table of the complete set of shortest times by repeatedly applying
Dijkstra’s algorithm at each vertex. It takes the program t seconds to obtain atable with the complete set of
shortest times for a network of p vertices.

(it) Approximately how long will it take the program to carry out the task for a network of q vertices?
Explain your reasoning. [2]

(iii) Explain why your answer to part (ii) is only an approximation. [1]
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4 A list of n numbersis sorted by making passes through an algorithm as follows.
A pass consists of the following.
Compare the first and second number. If necessary, swap them so
that the first number islessthan or equal to the second number.
Compare the new second and third number. If necessary, swap them
so that the second number isless than or equal to the third number.
Compare the third and fourth number. If necessary, swap them so

that the third number islessthan or equal to the fourth number.

Compare the (n — 1) th and nth number. If necessary, swap them so
that the (n — 1) th number isless than or equal to the nth number.

Repeat this until a pass occurs with no swaps.
Thealgorithmis applied to the list of 10 numbers below.
30 29 28 27 26 25 24 23 22 21
(i) After one pass, in what position is
e thelargest number,

e the smallest number? [2]

The algorithm is applied to alist of n numbers, with the largest number at the beginning of thelist (in
position 1) and the smallest at the end (in position n).

(i) How many comparisons are made in sorting this list? [4]

The algorithm is applied to alist of n numbers. Nothing is known about the position of the numbers before
the algorithm is applied.

(iii) What are the minimum and maximum number of comparisons which might be required to apply the
algorithm? [2]
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5 A network has 10 vertices, A to J. The table below shows the distance between each pair of vertices for
which there is a connecting arc.

A B C D E F G H I J
A 8 4
B 10 7
C 8 6 12
D 4 6 6 7
E 10 8 9
F 8 8
G 12 6 9
H 6 6 7
I 7 9 8
J 7 9 7
(i) Apply the tabular form of Prim’s algorithm to the network, starting at vertex A. [3]
(ii) Explain how the table shows that the algorithm terminates before connecting all the vertices. [1]
(iii) (A) Draw aminimum connector for the vertices which are connected to A. [1]
(B) Givethetotal length of the minimum connector in part (iii) (A). [1]
(iv) (A) Draw the network for the vertices not connected to A. [1]
(B) Draw aminimum connector for these vertices. [1]
(C) Givethetotal length of the minimum connector in part (iv) (B). [1]

A single arc connecting A and B is added to the original network.

(v) Explain why aminimum connector for the new network is given by the two minimum connectors
from parts (iii) and (iv) together with the new arc. [2]

Aswell asthe arc connecting A and B, another arc connecting C and E is added to the network. A treeis
formed by the minimum connectors from parts (iii) and (iv), together with the shorter of the two arcs AB

and CE.

(vi) Determinewhether it is aways true, sometimes true or never true that thistreeisaminimum
connector for the new network. Give reasons for your answer. [3]
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6 Three liguid medicines, X, Y and Z, are to be manufactured. All the medicines requireingredients A, B, C
and D which arein limited supply. The table below shows how many grams of each ingredient are required
for one litre of each medicine. It also shows how much of each ingredient is available.

A B C D

Each litre of X requires 2 0
Each litre of Y requires 5 2
Each litre of Z requires 3 1

2 4
4 3
2 2

Amount, in grams, of each | 20 10 | 70 |30
ingredient available

When the medicines are sold, the profits are £5 per litre of X manufactured, £2 per litre of Y and £3 per
litre of Z.

(i) Formulate an LP to maximise the total profit subject to the constraints imposed by the avail ability of
the ingredients. Use x as the number of litres of X, y as the number of litres of Y and z as the number
of litresof Z. [3]

The simplex algorithm is used to solve this LP. After the first iteration the tableau below is produced.

P x y AR T s+ | RHS
1 0 175 -05 0 O O 125 ] 375
0O O 35 2 1 0 0 -05 5
0O O 2 1 0 1 O 0 10
0O O 25 1 0 0 1 -05 55
0 1 075 05 0 0 0 025 75
(i) (A) Perform asecond iteration. 2]

(B) Give the maximum profit, and the number of litres of X, Y and Z which should be manufactured
to achieve this profit. [1]

(iii) Anextraconstraint isimposed by a contract to supply at least 5 litres of Y. Produce an initial tableau
which could be used to solve this new problem by using the two-stage simplex method. [3]
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A series of drainage pipes allows rainwater to flow downhill under gravity from afield on ahillsdeto a
river in avalley below. The directed network in Fig. 7 models this system, with S representing the field and
T theriver. The weights represent the capacities of the pipes, in litres per minute.

2

A

D

Fig. 7

(i) What aspect of the network models the fact that the point represented by C is higher up the hillside
than the point represented by D? [1]

The following LP formulation finds the maximum flow through the network. The variable SA represents
the flow along the arc from vertex Sto vertex A, and similarly for other arcs.

Maximise SA+SB

subjectto SA+BA-AD-AC=0
SB-BA-BC-BD=0
BC+AC-CD-CT=0
AD+BD-DT+CD=0
SA <7
AD<?2
BC<6
CT<2
SB<2
AC<?2
CD<8
BA<4
BD<1
DT<7
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9

Explain the purpose of each of the following lines from the LP formulation.

(A) Maximise SA+SB [2]
(B) SA+BA-AD-AC=0 (2]
(© CT<2 [1]

TheLPisruninan Online LP Solver and in a Spreadsheet L P Solver, and the following outputs are
obtained.

© OCR 2019

Online LP Solver
Objective | 6

Variable Vaue
SA
SB
BA
AD
AC
BD
BC
CD
DT
CT

OO W FIFLININON M

This question is continued on the next page
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Spreadsheet LP Solver

Result: Solver found a solution. All Constraints and optimality conditions are satisfied.

Objective Cell (Max)

Cell Name Original Value Final Value

SMS5 capacity 0 6
Variable Cells

Cell Name Original Value Final Value Integer

SCS4 SA 0 4 Contin

SDS4 SB 0 2 Contin

SES4 BA 0 0 Contin

SFS4 AD 0 2 Contin

SGS4 AC 0 2 Contin

SHS4 BD 0 1 Contin

SIs4 BC 0 1 Contin

SJs4 CcD 0 1 Contin

SKS4 DT 0 4 Contin

SLS4 CcT 0 2 Contin

Constraints

Cell Name Cell Value Formula Status Slack
SMS$10 SA<=7 4 SM$10<=SN$10 Not Binding 3
SMS11 AD <=2 2 SMS$11<=SNS11 Binding 0
SMS$12 BC<=6 1 SMS$12<=SNS$12  Not Binding 5
SMS13 CT<=2 2 SMS$13<=5NS$13 Binding 0
SMs14 SB <=2 2 SM$14<=SNS14 Binding 0
SMS$15 AC<=2 2 SMS$15<=SNS$15 Binding 0
SMS16 CD<=8 1 SMS16<=SNS$16  Not Binding 7
SMS$17 BA<=4 0 SMS$17<=SN$17  Not Binding 4
SMS$18 BD<=1 1 SMS$18<=SNS$18 Binding 0
SMS$19 DT<=7 4 SMS$19<=SNS$19  Not Binding 3
SMS6 SA+BA-AD-AC=0 0 SMS$S6=SNS6 Binding 0
SMS$7 SB-BA-BC-BD=0 0 SMS$7=5NS7 Binding 0
SMS$8 BC+AC-CD-CT=0 0 SM$8=SNS8 Binding 0
SMS9 AD+BD-DT+CD=0 0 SMS9=SNS9 Binding 0
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(iii) (A) For each solver, interpret the output to give a maximum flow on the diagram in the Printed

(iv)

(v) Inorder to save money it is proposed to shut down as many drainage pipes as possible, while still

© OCR 2019

Answer Booklet.
(B) State the maximum capacity of the network.

Give a cut with capacity equal to the maximum flow.

allowing the maximum flow through the system. Show how this can be done.

END OF QUESTION PAPER
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A spare copy of the diagram for question 2 can befound on page 14
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3(i)
B
5 3
2 4
A 2
D 1 C F
7 3 ) 8
E

A | B |C|D|E F
A|l- 1413 |2 |4
B |4 |- 13|24
c|3 |3 |-1]1]1
D|2 2|1 |- |2
E |4 4 1|2 |-
F -

A spare copy of thediagram and tablefor question 3 (i) can be found on page 15
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3 (ii)

3 (iii)
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4 (i)

4 (it)

4 (jii)
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5 (i)

A|B|C|D|E G| H
A 8 | 4

B 10

C| 8 6 12

D | 4 6 6
E 10

F 8

G 12 6
H 6 6

I 7 9

I 7 9 | 7

A spare copy of thetablefor question 5 (i) can be found on page 16

5 (ii)

5 (iii)
A

5 (jii)
(B)
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5 (iv)
A

5 (iv)
(B)

5 (iv)
©)

5(v)
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5 (vi)

6 (i)
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6(ih) [You may not need to use all of these tableaux]

(A

y Z S1 S S RHS
175 | 05 0 0 1.25 | 375
35 | 2 1 0 051 5

2 1 0 1 0 10
25 1 1 0 0 05| 55
0751 05 | O 0 0251 75

y , s S s, | RHS

y z S1 S2 s+ | RHS
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6 (ii)
(B)

6 (iii)
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7(i)

7 (ii)
(A)

7 (i)
(B)

7 (ii)
©

7 (i)
(A

Online LP Solver

(answer space continues on next page)
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7 (i)
()

(continued)

Spreadsheet LP Solver
A

7 (i)
(B)

7 (iv)

7(v)
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Spar e copy of diagram for question 2
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Spar e copy of diagram and table for question 3 (i)

B
5 3
2 4
A 2
D 1 C F
7 3 ) g
E
A B |C|D | E|F
A - 4 |3 |2 |4
B | 4 - 312 |4
C | 3 |3 - 1 |1
D |2 |2 |1 - 2
E |4 [ 4 |1 |2 -
F -
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Spar e copy of tablefor question 5 (i)
A|B|C|D|E|F |G| H|I J
A 8
B 10 7
C | 8 6 12
D | 4 6 6 7
E 10 8 9
F 8 8
G 12 6 9
H 6 6 7
I 7 9 | 8
J 7 9 | 7

DO NOT WRITE IN THIS SPACE
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